We analyze the pressure transient due to the point injection of a non-Newtonian power-law fluid within an infinite homogeneous porous domain initially saturated with another non-Newtonian power-law fluid. Taking into account fluid and domain compressibility yields a displacement front propagating with finite velocity in spherical or semi-spherical geometry; considering two shear-thinning fluids with the same flow behavior index n allows derivation of a self-similar solution in closed form describing the propagation of the displacement front and demonstrating the existence of a compression front ahead of the interface between fluids. The positions of the displacement and compression fronts, and the pressure distributions in the two fluids, are derived in closed form for any value of n < 1/2. Sensitivity analysis of model responses indicates a strong direct dependence on mobility and compressibility ratios and on permeability; an inverse moderate dependence on porosity and a mixed, weaker dependence on flow behavior index.
Introduction
Flow of rheologically complex fluids through porous media is relevant in several areas of science, such as environmental and chemical engineering, geoengineering, and biomechanics. An important subclass of nonlinear phenomena in porous media is constituted by displacement flows, in which a fluid with complex rheology is injected in a natural or artificial porous domain and displaces another non-Newtonian fluid. In-situ remediation of contaminated sites entails injection of colloidal or biopolymer suspensions [6] to assist removal of liquid pollutants, which may be, in turn, non-Newtonian [7] . Industrial engineering applications of non-Newtonian displacement include filtration of polymer melts, food processing, and fermentation [3] . Injectable biomaterials used in bone treatment applications also display a complex rheology [9] . In geo-engineering, enhanced oil recovery typically involves the injection into underground reservoirs of emulsions, polymer solutions, surfactants and foams [16, 19] to mobilize crude oils, often exhibiting non-Newtonian behavior in natural conditions [2, 15] . A significant number of mathematical models exists for the description of nonNewtonian displacement phenomena in porous media [4] . In increasing order of complexity, the scientific literature addressed first, with an analytical approach, steady-state immiscible displacement [11] , adding capillarity to the picture in [12] . Later, compressibility effects [5, 14] and two-phase flow [13] were taken into consideration in the context of transient flow. Numerical approaches were proposed by Wu and Pruess [20] and Tsakiroglou [18] . The stability of the displacement front was also investigated [1, 8] . In all these works, a planar or radial geometry was considered. It is however of interest to investigate the displacement phenomenon of non-Newtonian fluids also in spherical geometry, as it may represent cases of practical interest in which the size of the injection zone is practically negligible. Here, we do so under the hypotheses of the frontal advance theory, and consider immiscible displacement of a power-law compressible fluid by another with the same flow behavior index. The latter assumption allows derivation of a closed-form dimensionless similarity solution for assigned pressure or time-varying flow rate in the injection zone.
Problem formulation and governing equations
Consider the injection of a non-Newtonian power-law fluid into a spherical or semi-spherical infinite porous domain, saturated by another non-Newtonian fluid; both fluids are of power-law shear-thinning behavior with identical flow behavior index n. The displacing fluid is injected into a volume of radius r w with an injection area equal to 4πr 2 w for the spherical and 2πr 2 w for the semi-spherical domain. The displacement front is assumed to be stable and mixing across the interface is neglected. The pressure and velocity fields are assumed to be continuous at the interface; the pressure is taken to be constant and equal to p e in the domain occupied by the displaced fluid at time t = 0; the displacing fluid is injected at a constant pressure p w greater than the ambient pressure p e , or at a given injection rate q w (t). Ostwald-DeWaele power-law fluids are described in simple shear by the constitutive equation τ = mγ|γ| n−1 , where τ is shear stress,γ shear rate, m and n indices of fluid consistency and flow behavior; n < 1, = 1, > 1 indicate shearthinning, Newtonian, or shear-thickening behavior. The governing equation for flow of such fluids in porous media is given by the two equivalent forms [10, 17] 
where p is pressure, ρ fluid density, g specific gravity, v Darcy flux, k intrinsic permeability coefficient, µ ef effective viscosity, k * generalized permeability; the mobility ratio k/µ ef = k * /m is given by [17] 
where φ denotes the porosity and C t is a tortuosity factor for which different expressions are available [17] ; in the following, C t = (25/12) n will be adopted [10] . For n = 1, µ ef becomes dynamic viscosity µ, and (1) reduces to Darcy's law ∇p−ρg = −(µ/k)v. Most applications involve shear-thinning fluids, while shear-thickening behavior is decidedly less frequent. Neglecting gravity effects, (1) reads in spherical geometry for the two fluids (i = 1 is displacing, i = 2 displaced fluid):
while mass balance equations are
In (3)- (4) r is spatial coordinate, t time, φ and k domain porosity and permeability, p i and c 0i = c f i + c p pressure and total compressibility coefficient in the two flow regions, c f i and c p fluid and porous medium compressibility coefficients. Ciriello and Di Federico [5] discussed the relative weight of these terms, concluding that their respective influence may vary widely, depending on their nature, and ranges from cases where one is negligible compared to the other, to instances where the two coefficients are of the same order. The range of variation of fluid compressibility is typically c f = 3 · 10 −10 ÷ 5 · 10 −9 P a −1 , that of formation compressibility varies in a larger interval. The position of the interface between the two fluids is indicated with l d (t), with l d (0) = 0. Coupling (3) and (4), yields for i -th fluid:
where
The boundary conditions at the injection face r = r w for the displacing fluid is either of constant pressure p w or variable flow rate q w (t), indicated in the sequel as b.c. 1) and 2):
where ω = 2π for semi-spherical and ω = 4π for spherical geometry. For b.c. 2), the injected flow rate is assumed to depend on time according to q w (t) = q 0 t c , where the positive quantity q 0 is the injection intensity and c a real number. The initial and boundary conditions for the displaced fluid are
Finally, the conditions at the displacement front are dictated by continuity of pressure and Darcy velocity as
in which v d is the common value of the Darcy velocity at the displacement front. Upon defining the following dimensionless variables in capital letters (i = 1, 2, w, e, j = 1, 2, d):
wherel is an arbitrary length scale, andt is a timescale given bŷ
in which k 0 is the permeability scale, (3)- (4) transform into
The quantities defined in (18) are mobility ratio, compressibility ratio, and dimensionless permeability. For a Newtonian fluid n = 1, A = φ/K, χ n = 1. Boundary conditions (6) and (9), initial condition (8), and interface condition (10) are not altered in dimensionless form. The injection boundary condition (7) in the origin becomes
and interface condition (11) gives
3 Self-similar solution A suitable similarity variable is defined as η = R/T n/(n+1) , and a similarity solution is sought in the form
, where the constant η d denotes the value of η at the displacement front. With this transformation (15)-(16) yield
Boundary conditions 1) and 2) in the origin, given by (6) and (19), transform as
where η w = η(R w , T ) . Initial and boundary conditions (8) and (9) coalesce into
Interface boundary conditions (10) and (20) are expressed as
and the interface velocity takes the form
Integrating (28) with the initial condition
and with the help of (27) and (30) gives
Integrating (21)- (22) with (31) gives for the two fluids
Inspection of (33) shows for n < 1 the existence of a compression front ahead of the moving interface, whose position is given by η c = C 1 η d > η d in terms of the similarity variable, where
The dimensionless position L c and velocity of the compression front V c are given by
Since the Darcy velocity of the displaced fluid is null beyond the compression front, the fluid remains at the constant ambient pressure P e for η ≥ η c . The validity of (33) is then limited to η d ≤ η < η c , and (25) is replaced by
The velocities of displacing and displaced fluid are derived as
The front position η d is obtained by means of the boundary condition in the origin, (23) or (24), the interface condition (26), and the ambient condition (40) as follows. For assigned constant pressure in the origin, integrating (32)-(33) with (23) and (40) gives
where i = 1, 2, τ = η, η w , η c , and 2 F 1 is the hypergeometric function. To derive η d , (43)- (44) and (26) give (A 1 , B 1 , n, η d ) − I(A 1 , B 1 , n, η w ) 
(43) and (46) may be simplified by neglecting I (A 1 , B 1 , n, η w ) as η w << η; (45) then implies that the solution is valid only for n < 1/2, as for flow of a single fluid [4] . As P on the r.h.s. of (46) is known, solution of this implicit equation yields η d ; then η c is evaluated via (38), and the pressure within the two fluids is calculated with (43)-(44). The injection flow rate for assigned P w in the origin may be derived as
under the approximation η w ∼ = 0. For assigned time-variable flow rate in the origin, (32) with (24) yields again (47) with η w ∼ = 0. A self-similar solution is then possible exclusively if Q w (T ) = Q 0 T (2n−1)/(n+1) . In this case, the value of η d can be obtained from
Then, η c is evaluated via (38), and the pressure in the displaced fluid P 2 (η) by (44). The pressure in the displacing fluid P 1 (η) is obtained upon integrating (32) with (40), giving
Results and discussion
In this section we analyze how model responses depend on dimensionless model parameters n, M , α, φ and K; we do so for boundary condition 1) with P w = 1, P e = 0.1 ( P = 0.9), and spherical geometry (ω = 4π). It is seen that for fixed n, the interface velocity depends directly on M and α, thus the displacement front advances farthest for case IV and slowest for case I, while cases II and III yield an equivalent result, indicating an almost equal influence of M and α upon displacement. As n increases, the advancement of the displacement front is slower for cases II-IV and marginally faster for case I. Figures 1b and 1d illustrate the progress of the compression front L c (T ) versus time for n = 0.30, 0.40; its advancement is fastest in case III and slowest in case II, with results for cases I and IV being close. As n increases, the compression front advances faster for cases I, III and IV and marginally slower for case II. Upon comparing the advancement rates with those for radial geometry and the same parameter sets [5] , it is noted that in spherical geometry the advancement of both fronts is decidedly slower; this effect is compounded for higher values of n. Second, in Figures 2a-b we examine the influence of increasing the permeability K or the porosity φ on the position of the interface, having chosen case II and n = 0.30 as a reference. It is seen that permeability variations markedly affect the position of the displacement front, while porosity increases do so to a limited extent; results for the compression front (not shown) are qualitatively similar. Third, the typical behavior of the pressure field in a spherical domain subject to displacement is represented versus η for n = 0.30 , case IV, K = 1, φ = 0.20 in Figure 3 , where the locations of displacement and compression fronts, η d and η c , are depicted.
Considering a boundary condition of assigned flux in the origin, qualitatively similar results are obtained for the location of the displacement and compression fronts.
Conclusions
The propagation of a sharp displacement front in an infinite porous medium was investigated for non-Newtonian power-law fluids taking compressibility into account. A closed-form similarity solution was derived for spherical geometry for a class of shear-thinning fluids with rheological index n < 1/2. The analysis demonstrated the existence of a pressure front traveling ahead of the displacement front with finite velocity. The displacement front advances slowly when the displaced fluid is less compressible and less mobile than the displacing one, while it is fastest when the displaced fluid is more compressible and more mobile than the displacing one. The compression front advances fastest when the displaced fluid is more mobile, but less compressible than the displacing one; it is slowest when the displaced fluid is less mobile and more compressible than the displacing one. The influence of flow behavior index on both fronts varies depending on compressibility and mobility ratios. Permeability variations significantly affect the front position, while an increase in porosity has a lesser impact. 
